This paper describes some properties of a certain fibered hyperbolic 3-manifold which arises "in nature"; that is, as the cover of a closed manifold constructed by other means. Among other things, the main theorem answers in the affirmative the question of whether it is possible for a fibered hyperbolic manifold to be a double across a connected surface. (We first heard this question from Alan Reid.) Non-hyperbolic fibered doubles are easily constructed by doubling the exterior of a fibered knot across the boundary torus, but producing a fibered hyperbolic double is more subtle problem. In such a manifold the doubling surface -necessarily with genus at least 2 -does not itself admit a fibering and must thus have points of tangency with any fibering, which in particular cannot be invariant under the doubling involution.
This paper describes some properties of a certain fibered hyperbolic 3-manifold which arises "in nature"; that is, as the cover of a closed manifold constructed by other means. Among other things, the main theorem answers in the affirmative the question of whether it is possible for a fibered hyperbolic manifold to be a double across a connected surface. (We first heard this question from Alan Reid.) Non-hyperbolic fibered doubles are easily constructed by doubling the exterior of a fibered knot across the boundary torus, but producing a fibered hyperbolic double is more subtle problem. In such a manifold the doubling surface -necessarily with genus at least 2 -does not itself admit a fibering and must thus have points of tangency with any fibering, which in particular cannot be invariant under the doubling involution.
Our objects of study come from a family of hyperbolic 3-manifolds M n,k with totally geodesic boundary defined by Paoluzzi-Zimmermann [12] . A well known member of this family is M 3,1 , which is Thurston's "tripus" ( [15] , Ch. 3). Here we consider the "tetrus" M 4,1 (thanks to Richard Kent for naming suggestions). For a manifold M with boundary, let DM denote its double;
HereM is a copy of M with its orientation reversed, and the gluing isometry is induced by the restriction of the identity map to the boundary. Theorem 1. DM 4,1 has a sixfold cover D M , also a double, which fibers over S 1 with a fibering of genus 19.
Steve Boyer and Xingru Zhang previously obtained results about virtual fiberings of Montesinos links and their branched covers by a similar method (see [2] ), which imply that the doubled tetrus is virtually fibered. In particular, Theorem 1.7 of [2] is a more general version of our independently discovered Proposition 4. An advantage of Proposition 4, in the special case in which it applies, is that it produces an explicit description of a fiber surface, which in this case gives the extra information concerning genus and symmetry.
The method of proof for Theorem 1 uses the fact that M n,k is an n-fold branched cover of the ball, branched over a Montesinos tangle (see Lemma 2) . In particular, the doubled tetrus is a 4-fold branched cover of S 3 , branched over the link L of Figure 1 . The twofold branched cover of S 3 over L is the double of the trefoil knot exterior, which is fibered with monodromy of order 6. In Section 3, we describe the preimage of L in the trivially fibered sixfold cover, showing that it is contained in a finite union of fibers. Proposition 4 produces a new fibration of this manifold, transverse to the preimage of L, by "spinning" annuli in the fiber direction. An observation originally due to Thurston (cf. [14] ), which has been used as well by Aitchison-Rubinstein [4] , completes the proof. Our version of this is recorded in Propositions 2 and 3.
The fibering of D M described here has an associated weakly reducible Heegaard splitting of genus 39. On the other hand, the doubling surface in D M , a sixfold cover of the genus three surface ∂M 4,1 in DM 4,1 , has genus 13. It is well known that M n,k has a minimal-genus Heegaard splitting of genus n, obtained by attaching a single one-handle to ∂M n,k . (This was recorded by Ushijima, who classified such splittings in [16] , Theorem 2.8.) In our case, this yields a Heegaard splitting of the tetrus with genus 4 and an amalgamated Heegaard splitting of its double with genus 5, whose preimage in D M has genus 25. It would be interesting to know the minimal genus of a fiber surface for D M , for the above discussion shows that if this is greater than twelve, the minimal genus Heegaard splitting of D M is not associated to a fibering. Such examples are nongeneric, according to work of Souto and others ([13] Theorems 6.2 and 6.3, cf. [5] for a survey).
Our original motivation for considering this example was Proposition 1 below. The twisted double D φ M n,k in the proposition is obtained by gluing M n,k to its mirror image via an isometry φ of the boundary, the lift to M n,k of the mutation producing the link L φ of Figure 1 . Here we describe arithmeticity of the doubles and twisted doubles for n = 3 and 4. This may be verified using Snappea and Snap, together with the descriptions of DM n,k and D φ (M n,k ) as n-fold covers of L and L φ above. For each n, DM n,k and D φ M n,k contain a totally geodesic surface identical to the totally geodesic boundary of M n,k . In the cases n = 3 and 4, it follows from arithmeticity of the twisted doubles that this surface is arithmetic. (This can also be seen directly from the polyhedral decomposition.) Using Proposition 4.1 of [10] , one obtains the following. Corollary 1. The doubled tetrus has a nested, cofinal family of regular covers with respect to which it has property τ .
Recent work of Abert-Nikolov ( [1] ) concerning rank and Heegaard genus has drawn attention to virtually fibered manifolds which satisfy the conclusion of Corollary 1. The doubled tetrus is the first closed nonarithmetic manifold that we knew to have both of these properties, although Agol's recent work [3] shows that some nonarithmetic right-angled reflection groups, for instance in the Löbell polyhedron L(7), have them both as well.
The paper is organized as follows. In Section 1, we outline our general approach, which goes back to Thurston, for virtually fibering certain branched covers of links in the three-sphere, and in Section 2 we introduce the tetrus (first described by Paoluzzi-Zimmermann) and establish some properties for later use. Finally, in Section 3 we describe the virtual fibering of the doubled tetrus.
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Virtually fibering branched covers
and fix a selection of meridians µ 1 , . . . , µ k generating π(L), one for each component of L. Cyclic covers of S 3 branched over L may be constructed in the following way: let E n be the n-fold cover of E(L) corresponding to the kernel Γ n of a map π(L) → Z n in which each µ i maps to a generator. Then the n-fold cyclic branched cover M n = E n (µ n 1 , . . . , µ n k ) is obtained by filling E n along the slopes corresponding to the µ n i , which are the preimages of the slopes corresponding to the µ i in E(L). We are interested in promoting virtual fibering of one cyclic branched cover to virtual fibering of others, following Thurston's approach to proving that hyperbolic manifolds constructed from right-angled dodecahedra are virtually fibered (see [14] ). The first key observation is below. Proposition 2. Let L be a link in S 3 and M n an n-fold cyclic cover of S 3 branched over L. Suppose there is a regular cover p : M ′ → M n which has a fibration over S 1 with the property that p −1 (L) is transverse to every fiber. Then every branched cyclic cover of S 3 which factors through M n is virtually fibered.
This follows immediately from the technical proposition below. We state them separately only out of a fear that, left to its own devices, the statement of the second would obscure the main point, which is the statement of the first. Proposition 3. With L, M n , and M ′ as above, let
is a branched cover factoring through M n , a fibered cover M → M gn is obtained by filling the cover of E gn corresponding to Γ ′ ∩ Γ gn along the preimage of L.
These propositions are not new; they are a rephrasing of Thurston's argument for the right-angled dodecahedron, and are used as well by Boyer-Zhang.
Proof. For a regular cover p : M ′ → M n as in the hypothesis, removing a collection of disjoint regular neighborhoods of p −1 (L) invariant under the covering transformations yields a regular cover E ′ → E n . E ′ inherits a fibering from the specified fibering of M ′ , which has the further property that boundary slopes of the fiber surface are the filling slopes yielding M ′ . Let Γ ′ be the normal subgroup of Γ n corresponding to E ′ → E n , and consider the regular fibered cover
Hence Γ contains each µ gn i , and so the corresponding slope on the boundary of E gn lifts to E. On the other hand, boundary slopes of the fiber of E are preimages of boundary slopes of the fiber of E ′ , and these are lifts of the slopes corresponding to the µ n i . Since each lift of a slope corresponding to µ gn i projects under the covering map E → E ′ to a slope lifting one corresponding to µ n i , these are preimages of boundary slopes of the fiber. The fact that the µ gn i lift to E ensures that the action of the deck transformation group extends to a free action on the manifold M obtained by filling along them, and the fact that they are boundary slopes implies that the fibering of of E extends to M using the fibering of the solid torus by meridional disks.
Later we will find ourselves in the following situation: M ′ is the trivial bundle over a surface F ,
, and p −1 (L) consists of simple closed curves in disjoint copies of F . Here I = [0, 1]. Let π : M ′ → F be projection to the first factor. The second main result of this section describes a property of the collection π(p −1 (L)) which allows a fibering of M ′ to be found satisfying the hypotheses of Proposition 2.
Proposition 4.
Suppose there is a collection of disjoint simple closed curves {γ 1 , . . . , γ n } on F with the following properties with respect to
intersects at least one of the γ i , and intersects all of the γ i transversely, and a choice of orientation of the γ i and all curves of π(p −1 (L)) may be fixed so that for any i and j γ i and λ j have equal algebraic and geometric intersection numbers. Then M ′ has a fibering transverse to p −1 (L).
The other fiberings needed to prove this theorem may be found by spinning annular neighborhoods of the γ i in the fiber direction. We first saw this technique in [9] .
Definition. Let M = F × I/(x, 0) ∼ (x, 1) be the trivial bundle, and let γ be a simple closed curve in F . Let A be a small annular neighborhood of γ, and fix a marking homeomorphism φ : S 1 × I → A. We define the fibration obtained by spinning A in the fiber direction to be
where Φ t (x, s) = (φ(x, s), ρ(s)+t), for t between 0 and 1. Here we take ρ : I → I to be a smooth, nondecreasing function taking 0 to 0 and 1 to 1, which is constant on small neighborhoods of 0 and 1 and has derivative at least 1 on
Given a collection of disjoint simple closed curves γ 1 , . . . , γ n , one analogously produces a new fibration F A1,...,An (t) by spinning an annular neighborhood of each in the fiber direction.
Suppose λ is a simple closed curve in F which has identical geometric and algebraic intersection numbers with the core of each annulus A i in such a collection; that is, an orientation of λ is chosen so that each oriented intersection with the core of each A i has positive sign. Lemma 1. Let λ be such a curve, embedded in M by its inclusion into F ×{t 0 }, t 0 ∈ (0, 1). There is an ambient isotopy which moves λ to be transverse to the fibration F A1,...,An (t), and which may be taken to be supported in an arbitrarily small neighborhood of F × {t 0 }.
Proof. λ may be isotoped in F so that its intersection with the A i is of the form ({x 1 }×I)⊔. . .⊔({x k }×I) for some collection {x 1 , . . . , x k } of points in their cores. For reference fix a Riemannian metric on F in which the A i are isometrically embedded with their natural product metric, and choose a smooth unit-speed parametrization λ(t) (t ∈ I) so that λ( 
and let λ ǫ (s) = (λ(s), h ǫ (s)).
At any point of M , the parametrization of M as F × I/(x, 1) ∼ (x, 0), gives a natural decomposition of the tangent space. We call horizontal the tangent planes to F , and let t denote the vertical vector pointing upward. In the complement of the vertical tori determined by the A i × I, the new fiber surface F A1,...,An (t) has horizontal tangent planes, for each t. Since the intersection of λ ǫ with this region is contained in λ ǫ ([0, 1/4] ∪ [3/4, 1]), its tangent vector in this region has t-component −ǫ. Hence intersections in this region between λ ǫ and copies of the fiber surface F A1,...,An are transverse.
For points in A i , consider the vertical plane spanned by t and the tangent vector to the I-factor of A i . Tangent vectors to λ ǫ at points which lie in A i × I lie in this plane with slope between −ǫ and 2ǫ, possibly greater than −ǫ only between 1/4 and 3/4. On the other hand, the intersection of the tangent plane to F A1,...,An intersects the vertical plane in a line with slope greater than or equal to 0, and greater than or equal to 1 on [1/4, 3/4]. Thus as long as 2ǫ < 1, any intersection of λ ǫ with a copy of F A1,...,An in these regions is transverse as well. The original embedding of λ may clearly be moved to λ ǫ by a small ambient isotopy, and since λ ǫ is transverse to each F A1,...,An (t), this proves the lemma.
Proof of Proposition 4. Let {γ 1 , . . . , γ n } be a collection satisfying the hypotheses, and let {A i } be a collection of disjoint annular regular neighborhoods of the γ i in F . By the lemma above, each member λ j of the collection p −1 (L) may be moved by an ambient isotopy to be transverse to the fibration obtained by spinning each A i in the fiber direction. Since the members of p −1 (L) lie in disjoint fibers of the original fibration, these isotopies may be taken to have disjoint supports. Then the inverse of their composition, applied to the fibration obtained by spinning A in the fiber direction, produces a new fibration which is transverse to p −1 (L).
Introducing the tetrus
Thurston constructed a hyperbolic manifold with totally geodesic boundary, which he called the "tripus," from two hyperbolic truncated tetrahedra in Chapter 3 of his notes [15] . A description of the tripus as the complement of a genus two handlebody embedded in S 3 may be found there. In [12] , PaoluzziZimmermann generalized this construction, constructing for each n ≥ 3 and k between 0 and n − 1 with (2 − k, n) = 1 a hyperbolic manifold M n,k with geodesic boundary, for which the tripus is M 3,1 . Ushijima extended Thurston's description of the tripus as a handlebody complement in S 3 to show that each M n,1 , n ≥ 3, is the exterior -that is, the complement of a regular neighborhood -of Suzuki's Brunnian graph θ n [16] . In particular, the tetrus M 4,1 is the exterior of the graph shown in Figure 2 .
There is an order-4 automorphism of the tetrus visible in the figure as a rotation through a vertical axis intersecting θ 4 only in its two vertices, with quotient an orbifold O 4 . In fact, Paoluzzi-Zimmermann show that for each n ≥ 3, there is a single orbifold O n with geodesic boundary such that each M n,k is a branched cover of O n , for 0 ≤ k < n with (2 − k, n) = 1. The Figure 2 : The tetrus is the exterior of θ 4 above.
underlying topological space of O n is a ball, and the singular locus consists of the two strands of the tangle T pictured in Figure 3 , each with cone angle 2π/n. We summarize Paoluzzi-Zimmermann's description of the orbifold fundamental group of O n and its relationship with the fundamental groups of the M n,k in the theorem below; this collects various results in [12] .
Theorem (Paoluzzi-Zimmermann). For each n ≥ 3, the orbifold fundamental group π
There are two conjugacy classes of elliptics in π orb 1 (O n ), corresponding to H n and H n X n H n X −2 n , respectively. For (2 − k, n) = 1, the fundamental group G n,k := π 1 (M n,k ) is the kernel of the projection π k : π
Here we have departed from the notation of Paoluzzi-Zimmermann in several respects. They name E n the orbifold fundamental group of O n , but to avoid confusion with our previous notation we simply refer to it as π orb 1 (O n ). We also distinguish between presentations of π orb 1 (O n ) for different n, so that PaoluzziZimmermann's "x" is replaced above by our "X n " and similarly for "h" in their description of a presentation of E n on page 120 of [12] . Finally, we have renamed the generator of Z n to h n .
In view of Proposition 1 of the previous section, it is important that we have a description of the fundamental group of the exterior of T in B 3 , which we denote E(T ). This is a genus two handlebody, and generators x and h for π(T ) := π 1 (E(T )) may be selected so that the meridians of the tangle strings are represented by h and hxhx −2 , respectively. A proof of this fact may be found in previous work of the author with E. Chesebro, [7] §2. There is a finitevolume hyperbolic structure with totally geodesic boundary on B 3 − T which is a geometric limit of the hyperbolic structures on the O n . Conversely, each orbifold O n may be obtained by n-fold orbifold surgery along the meridians of E(T ) represented by h and hxhx −2 . A more thorough discussion of this may be found in the author's thesis [8] , but the important fact for our purposes is that this induces a homomorphism π(T ) ։ π orb 1 (O n ) sending x → X n and h → H n . The following lemma is a corollary of this discussion.
Lemma 2. For each n ≥ 3 and k with (2−k, n) = 1, M n,k is the branched cover of B 3 , branched over T , obtained as E n,k (h n , (hxhx −2 ) n ), where E n,k → E(T ) is the cyclic cover corresponding to
is the quotient of Γ n,k by the normal closure of the subset {h n , (hxhx −2 ) n }.
We note that the map above takes hxhx −2 to h 2−k n ; thus when 2 − k is relatively prime to n this does indeed determine a branched cover of B 3 over T . In fact the map is determined by the destination of h and hxhx −2 representing the two meridians, since π(T ) is normally generated by these elements.
In the following sections we will be particularly interested in fiberings of the double branched covering of B 3 branched over T , which we denote M 2 . This is actually M 2,1 in the notation above, since the map π(T ) ։ Z 2 = {0, 1} which determines it sends x to 1, but we drop the second index since in this case it is the unique twofold branched cover. In fact, every evenfold branched cover M n,k → B 3 factors through M 2 , since the map π(T ) ։ Z 2 factors through any of the maps π(T ) ։ Z n by taking the further quotient which sends h n to 1. (We note here that if n is even and (2 − k, n) = 1, then k is odd.) For future reference we record this discussion in a lemma.
Lemma 3. For each even n > 3 and each k with (2 − k, n) = 1, the branched covering map M n,k → S 3 factors through the map M 2 → S 3 . M 2 is obtained as
given by h → 1, x → 1.
Since the branched covering of the tetrus to S 3 is the quotient map determined by the order-4 isometry visible in Figure 2 , the branched covering to M 2 is determined by the square of this isometry. From the picture of Figure 2 it may be determined that M 2 is the trefoil knot exterior. We give a more detailed (and, from our perspective, useful) proof of this fact in the following section.
Virtually fibering the doubled tetrus
We recall from Lemma 2 that the tetrus is a four-fold branched cover of B 3 , branched over the tangle T of Figure 3 . Thus the double of the tetrus is a four-fold branched cover of S 3 , branched over the Montesinos link L of Figure  1 . We remarked above that the double branched cover of L is the double of the trefoil knot exterior across its boundary torus. Since the trefoil exterior is well known to be fibered, with monodromy of order 6 and fiber a one-holed torus, its double is fibered with monodromy of order 6 and fiber a closed surface of genus 2. In this section we use Montesinos' description of double branched covers of Montesinos links [11] (cf. [6] ) to describe the preimage of L in DM 2 and use the results of Section 1 to prove Theorem 1.
It is worth reiterating here that the virtual fibering of evenfold branched covers of L is implied by results of Boyer-Zhang which apply to much more general classes of Montesinos links. In particular, their results imply also that D φ (M n,k ), which branched covers S 3 over the link L φ in Figure 1 , is virtually fibered for even n.
A rational tangle is a trivial two-string tangle in the ball B 3 -one whose strings are isotopic rel endpoints into ∂B 3 -together with a choice of disk in ∂B 3 containing two endpoints of tangle strings. The double cover of B 3 branched over the trivial tangle is a solid torus D 2 × S 1 . The branched covering map may be arranged as the quotient map identifying points related by the involution (x, y) → (x,ȳ), where here D 2 ×S 1 ⊂ C 2 is embedded as the cartesian product of the unit disk in C with its boundary. With these coordinates the branch locus consists of the two arcs {(r, ±1) | r ∈ [−1, 1] }. The preimage of a marking disk on ∂B 3 is an annulus on ∂D 2 × S 1 , and we label a rational tangle p/q if the core of the associated annulus is
, where µ = ∂D 2 × {1} and λ = {1} × S 1 . This is illustrated in Figure 4 , for the rational tangle 1/2.
For each n ∈ N, the solid torus has a Seifert fibering with fibers parametrized by γ z (t) = (e 2πit z, e 2πint ), t ∈ [0, 1], where z is an element of D 2 . For z ∈ ∂D 2 , the fiber associated to define an annulus A n foliated by such fibers as follows:
γ e πis (I).
The involution defined above preserves A n , as it takes γ e πis (t) to γ e πi(−s) (1 − t). Thus the quotient of A n is a disk marking the rational tangle 1/n. There is a natural parameterization φ n : (I × I)/(x, 0) ∼ (x, 1) → A n , taking (x, y) to γ e πi(2x−1)/n (y). The tangle T of Figure 3 is composed of the tangles 1/3 and 1/2, identified along the marking disks in their boundaries. We may thus form the double branched cover of T by taking two copies V and V ′ of the solid torus and identifying them along a copy of A 3 in V and A 2 in V ′ , by the homeomorphism
3 . This gluing map commutes with the action of the covering involution, hence the double branched covers of V and V ′ over the rational tangles 1/3 and 1/2, respectively, extend to a double branched cover over T of the identification space, the manifold M 2 of the previous section.
A meridian disk of the solid torus intersects A n in n arcs of its boundary, which are taken by φ −1 n to a collection {I × {x + k/n} | 0 ≤ k < n} for some x. Thus a collection of meridian disks of V and V ′ may be chosen appropriately so that they match up along arcs of their boundary to form a surface F ⊂ M 2 . This is illustrated in Figure 5 .
The hexagons H m of the figure represent meridian disks of V , described by 
Arcs of the boundary of H m (respectively S n ) which intersect A 3 (resp. A 2 ) are labeled by the height of their image under φ 3 (resp. φ 2 ). All meridian disks pictured inherit their orientation from the page, and with this orientation edges with the same height are identified in orientationreversing fashion to form F , easily seen to be a one-holed torus.
Choosing a Seifert fibration on V which is compatible with A 3 , and one on V ′ compatible with A 2 , one obtains a Seifert fibration on M 2 , since the gluing map A 3 → A 2 takes fibers to fibers. The quotient orbifold is a disk with two cone points, of order 3 and 2 respectively. Since meridional disks of V and V ′ are transverse to their respective Seifert fibrations, F is a horizontal surface in M 2 , transverse to each fiber. Cutting M 2 along F and the separating annulus produces five components, respectively homeomorphic to H m × I, m ∈ {0, 1}, and S n × I, n ∈ {0, 1, 2}. The I-fibering is inherited from the Seifert fibering, and the correspondence with the meridian disks composing F is given by taking the disk in the boundary from which the fibering points inward with its natural orientation. The result of cutting M 2 only along F is obtained from these cells by gluing them together along the vertical rectangles in their boundary arising from the separating annulus of M 2 . This gluing preserves the product structure, and so the manifold obtained by cutting M 2 along F is homeomorphic to F × I. We therefore have a description
, for some monodromy map σ. The action of σ on F may be read off from the combinatorial data. It interchanges the hexagons of Figure 5 and takes each square S i to S i+1 , in all cases taking the edge labeled x to the edge labeled x + 1/6 (with this value taken modulo 1). Thus σ is periodic of order 6.
We ultimately wish to virtually fiber branched covers of S 3 over the link L of Figure 1 , which is the double of T . There is a twofold cover of S 3 , branched over L, by the double DM 2 of M 2 across its boundary. This is fibered over S 1 with fiber surface DF , pictured in Figure 6 . Here the hexagons and squares to the left of the vertical line are fitted together along labeled arcs as in Figure 5 forming a copy of F , and the hexagons and squares to the right of the vertical line are fitted together along their labeled edges forming a copy of F . To form DF , each unlabeled edge is identified with its correspondent under reflection through the vertical line. We will call Dσ the monodromy map which describes DM 2 as a DF -bundle. Dσ restricts on F to σ and is equivariant with respect to the doubling involution. Since σ has order 6, so does Dσ. Hence there is a sixfold cover p : DM ′ → DM 2 , dual to the fiber surface, which is the trivial bundle DF × S Figure 6 . To motivate this picture, we first describe the preimage of T in M 2 . This is the fixed set of the covering involution, which consists of the union of the fixed arcs of its restriction to V and V ′ . One fixed arc in V lies in the meridian disk H 0 , running from the midpoint of the side labeled 0 to the midpoint of the opposite side. The other lies in H 1 , running from the midpoint of 1/2 to the midpoint of the opposite side. A fixed arc in V ′ lies in S 0 , joining the midpoints of the sides labeled 0 and 1/2. These three arcs meet at their endpoints in M 2 , and their union is one component of the preimage of T . The other component does not lie in F ; it is the arc {(r, −1) | − 1 ≤ r ≤ 1 } of the meridian disk D 2 × {−1} of V ′ . In the description given above of M 2 as an F -bundle, this disk is S 1 × {1/2}, and the fixed arc joins midpoints of unlabeled boundary components.
The preimage of L in DM 2 (which we again denote L) is the double of the preimage of T . The description above shows that its two components lie in disjoint copies of the fiber surface, DF × {0} and DF × {1/2}. Since p : DM ′ → DM 2 is dual to the fiber surface, p −1 (L) consists of twelve components in disjoint copies of the fiber, and π(p −1 (L)) is the union of the set of curves {(Dσ) k (L) | k ∈ {0, 1, . . . , 6}}. Using the description above of T in M 2 and our previous description of σ, we obtain the collection of dashed arcs of Figure 6 . The union of the elements of this collection is π(p −1 (L)), which is a union of six simple closed curves (this is due to the fact that (Dσ) 3 is the hyperelliptic involution, which preserves all simple closed curves).
The bold arcs describe two simple closed curves transverse to this collection, and with the indicated orientations the algebraic and geometric intersection numbers of each bold curve with each dashed curve coincide. Thus by Proposition 4, spinning annuli along the bold curves yields a fibration of DM ′ transverse to p −1 (L). Then by Proposition 2, all even-fold branched covers of S 3 over L are virtually fibered.
In order to obtain the additional information in Theorem 1, we appeal to Proposition 3. Let D M → DM 4,1 be the fibered cover which it supplies, obtained by filling a genuine cover D E of the link exterior E(L). To show D M is a double, we establish that D E is and observe that the filling slope is preserved by the doubling involution. The degree of the covering is again established using D E, and we determine the genus of the fibering of D M by counting intersections in DM ′ between its spun fibering and p −1 (L). E(L) is the double of E(T ), and similarly DE 2 and DE 4,1 are doubles, where these are the manifolds with torus boundary which are filled to produce DM 2 and the doubled tetrus, respectively. By the construction above DM ′ is a double, with doubling involution which commutes with the covering projection p : DM ′ → DM 2 ; hence DE ′ , produced by removing a neighborhood of p To establish the genus of this fibering, we note that a fiber surface for the fibration of DM ′ produced by Proposition 4 has two points of intersection with p −1 (L) for every point of intersection between a curve in π(p −1 (L)) and a spinning curve. (This is because (Dσ) 3 is the hyperelliptic involution of DF , so π maps curves in DM ′ two-to-one onto curves in π(p −1 (L)).) Appealing to Figure 6 , we find 16 points of intersection on DF . The fiber surface for D M produced by Proposition 2 is a double branched cover of the genus two fiber surface for DM ′ , branched over its 32 points of intersection with p −1 (L). An Euler characteristic calculation establishes that this surface has genus 19. This completes the proof of Theorem 1.
